L] ’ International Journal of Theoretical & Applied Sciences, 8(2): 65-68(2016)

ISSN No. (Print): 0975-1718
ISSN No. (Online): 2249-3247

A Common Fixed Point Theorem for Separable Hilbert Space

V. K. Agrawal*, Kamal Wadhwa**, Sanjay Chaudhary** and Amit Kumar Diwakar***
*Govt. Home Science College, Hoshangabad, (Madhya Pradesh), INDIA.
“Govt. Narmada Mahavidyalaya, Hoshangabad, (Madhya Pradesh), INDIA.
"Research Scholar Barkatullah University, Bhopal, (Madhya Pradesh), INDIA.

(Corresponding author: Amit Kumar Diwakar)
(Received 22 August, 2016 accepted 05 October, 2016)
(Published by Research Trend, Website: www.researchtrend.net)

ABSTRACT: The object of this paper is to obtain a common fixed point theorem for four continuous random
operators by considering a sequence of measurable functions satisfying certain contractive condition in
separable Hilbert space.

Keywords: Hilbert Space, Common fixed point.
I. INTRODUCTION

The random fixed point theory is started by Prague school of Probability in [8]. In recent years this theory has
attracted much attention of many Mathematicians some of them are [3, 4, 5, 6, and 10]. In this paper we find a new
common fixed point theorem with rational inequality for two random operators defined on separable Hilbert spaces.
For this we construct a sequence of measurable functions of random fixed point to the two random operators.

ILPRELIMINARY NOTES

Let H be a Hilbert space and C is a closed subset of H. Let (2, X' be measurable space.

Definition (a): A function f: Q X C — C is Said to be random operator, if

F (., x): Q — C is measurable for all x € C.

Definition (b): A function f:Q X C — C is Said to be measurable, if

f'(B N C) € X for every Borel subset B of H.

Definition (c): A function f: Q X C — C is Said to be continuous, if

For fixed te Q, f(t,.): C—= C is Continuous.

Definition (d): A measurable function g: Q — C is Said to be random fixed point of the random operator f:Q X
C — C, is Continuous.

Condition 1.1. Two mappings M,N : C — C, where C is a nonempty subset of a Hilbert space H, is said to satisfy
Condition A if:

| Mx — Ny 1< n, [l x =y 124+ n,(l x = Mx I?+l y = Ny I*) +
%(II x — Ny P+l y — Mx II?)

lx=y 1% +llx =Ny I+ llx—Mx| >

s ( 1+lx—ylllx—Nyllix—Mx| ) (&)
Where

0 <m+2n,+2n3+2n, <1, nyNN5,M. >0 ...(B)
It is well known that in a Hilbert Sapce the parallelogram law is satisfied , that is,
VX,y€C, llx+ylP+lix—yIP=20x1*+21yI? ..(0)
We construct a sequence of function {d,} as

dy:Q—-C ...(D)

is arbitrary measurable function For 8 € Q and n=0,1,2....,
d2n+1(9) = M(gﬂdZn(H))' d2n+2(9) = N(H, d2n+1(9))- .(B)
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II1. MAIN RESULTS

In this section, we prove a common unique fixed point theorem for two random operators in Hilbert spaces.
Theorem 2.1. Let C be a nonempty closed subset of a separable Hilbert space H. Let M and N be two continuous
random operators defined on C such that for

6e N M®, -),N@, -): C > C satisfy A. Then the sequence {d, } obtained in (D) and (E) converges to the
unique common random fixed point of M and N.

Proof: For fixed 0 € Q,n=1,23...,

I dyns1(8) — dyp(8) 12= 1l M(6,d2,(8)) — N(B, dpn_1(6) I
< UR " dZn(H) - d2n—1(9) ”2
+1; (I d3y (8) — M(6,d5, (0) 12 +ll dypy—y(6) — N(6,dz,—1(0) 117
+ % (I dyp (6) = N(6, dgp—1(0) 12+l dyp_1(6) — M (6, dy, (6) 11?)

+ (ndzn(e)—dzn_1(9)||2+||dzn(e)—N(e,dzn_1(9)||2+||d2n(9)—M(e,dzn(9))u2
4 1 d2n(©) 1 O 1d 2 (0)~N (8 d 21 (O ()M (Ol ()1

= |l dyp—1(0) — d3, (0) II?
+1y (I 2y (8) — d3pi1(6) 112 ‘T"I” dyn-1(0) — dy, (0) 1)
+ 22 (U d3 (0) = 3 (6) I” +1l 1 (8) = 31 (6) 17)
ld2n(8)—dan—1 (@I +ld2n(8)—dan (OI*+lld2n (8)—dan41(O)II?
1+||d2n(9)_d2n—1(9)””dzn(e)_dzn(e)””dzn(e)_d2n+1(9)”
< 1dyn,(6) —dyp—1(0) 117
+1, (Il dyp (0) — dyn 1 (8) 17+l d2n—1(9)n_ d,n,(0) 11?)
+ 22 (1 dy-1(0) = g1 (6) 1)
1, (Il d2y (0) — dgp—1(8) 12+l dyyy () — dyy11(6) 117
=1y |l dyn(6) — dyn—1(6) II?
+1y (I dy (8) — d3pi1(6) 112 +||r‘712n—1(9) —dy, (0) %)
+ 22 (1 dy-1(8) = dyp (6) + iy (6) = 41 (6) 1)
1, (Il d2y (0) — dgy—1(8) 12+l dyyy () — dy11(6) 117
<y 1dyn, () —dyp_1(0) 117
+1y (I d2y (0) — dgpi1(0) 17 +1l dyp—1(0) — d,, (0) 117)
13l dyp—1(8) — d, (0) ”2+”77d2n(9) — dyp1(0) I17)
=1 (dyn-1(8) = d3,(6)) = (Ao (6) = 1 (6D) I?
1, (Il d2y (0) — dgy—1(8) 12411 dyyy () — dyy11(6) 117

1,

(by parallelogram law C )
< (M + M43 +14) | dpp(8) — dap—1 (6) I?

+(n2+fn3 +14) 11 dyn(8) — dznir () 117 (A
Therefore:
I o (6) = dp (8) IP< EI | () — dlyp 4 (6) 1. {(A2)

For6 €N, n=12,3...,,
” d2n(9) - d2n—1(9) | 2= " M(H'dZn—l(H)) - N(H' d2n—2 (9)) ”2
<n ldy-100) —dy,—,(6) 11>
+12 (Il don—1(8) — M(6,dzp—1(0)) I? +1l dzpp—2(8) — N(6,dzp () I
2 (1 o1 (6) = N(B, dan(8)) I+l dyp5(6) = M(6, o1 (6)) I7)
n (||dzn_1(9)—dzn_z(9)||2+||dzn_1(9)—1v(9,dzn_z(9))”2+||dzn_1(9)—M(9,dzn_1(9))||2)
AN 141dgn—1(0)~dan—2(0)llldan—1(0)~N(8,dzn—2 (Ol dan—1(8)—M(6,dzn—1 (O
(By condition A)
=1 I dyp1(0) — dyn»(6) 112
15 (I dyp1(8) — dp, (8) 1* +1l dyp_2(0) — dyu_1(6) 11%)

+ % (Il dan—2(8) — dan (8) I1?)
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(lldzn—1(9)—d2n—2(9)”2+||d2n—1(9)—d2n(9)||2
1

)

<y N dyp_1(0) —dyy—»(0) II?
105 (I don_1(0) — dyrn (0) I+l dypp_2(0) — dyp—1(6) 11%)
13l dyn_2(0) — dyp_1(0) 17+l dyp—1(8) — d, (0) 117)

=2l don-20) = o1 (O~ (A1 (8) = (0) I7)
4 (Il dpn—1(8) — dan—2(8) 117+l dpp—1(8) — d5,,(6) II?)

4

(by parallelogram law)

< (g + 1243 + 1) I dyp—1(0) — dyn_(0) II7

+(Np+13 + 1) Il dyp_y(8) — dy, (6) 11, (A3)
Therefore:

I d2n(8) = dan_ (6) I2< (BZEZELY |y, () = dip () 12 (A4

1-7m2-M3-74
Equation (A.2) and (A.4) jointly imply that for all 8 € Q and n=0,1,2,3...,

I d(8) = dpy1 (6) 17< (ALY 1y (6) = d (6) I (A5)
Again from (B) it follows that:

0 < (Aztlsfley o9, .(A.6)
1-12-13-74
From (A.5) and (A.6) it follows that for € 2, {d,,(0)} is a Cauchy sequence and hence is convergent in the Hilbert
space H.
For 6 € 0, let
{d,,(0)} > d(0) asn —» (A7)
Since C is closed , d is a function from C to C.
For € 1,
Il d(8) — N(0,d(0) I1>=Il d(8) — d,,,(8) + (d,(8) — M(O,d(0) II?
<2101d(6) —dypn(0) 12+ 2 1l dyr(8) — M(8, g(0)) 112,
(by parallelogram law)
=2[1 d(0) — dpn(8) 12+ 2 | N(6, dypn_1(0) — M(6,d(0)) II?
=2 1 d(8) — d,,(0) I+ 2[ny Il dypp—1(0) — d(6) I+
20, (Il dyp—1(8) — N(O,dpy_1(6)) 12+ d(8) — M(6,d(6) I1?)
31l dpn—1(8) — M(6,d(6)) 7+l d(8) — N(6, dpn_1(6)) II*)
n (||dzn(e)_dzn—1(9)”2+”dzn(e)—dzn(e)uz+||d2n(9)—d2n+1(9)||2)]

N 141dn (8)~dan—1(O)d2n (8)~don (Ol d2n (8)—d2n41(6)
=211 d(8) — dyn(0) 117+ 2[ny | dyr_1(6) — d(6) II?
+21, (Il dyn_y(8) — 3 (8) 12+ d(6) — M(6,d(6)) I7)
3l dype1(8) — M(6,d(0) 12+l d(8) — d,,(8) 1?)
lld2n—1(6)=dan—2(O)I*+lidzn_1(6)—dan(O)I?

+1,( 1 )]

Making - ©, d,0 — d(68)

Il d(8) — N(6,d(8) I’P< (2n, + 13 + 2n,) | d(8) — N(8,d () II? ..(A9)
Since 0 < 21, + 13 + 2n, < 1 (by B ), we have for all 6 € 0,

N(6,d(6)) = d(6) . ..(A.10)
In an exactly similar way we can prove that for all 8 € (2,

M(6,d(0)) = d(6) .(A.11)

Again, if A : 2xC —C is a continuous random operator on a nonempty subset C of a separable Hilbert space H, then
for any measurable function f: 2 —C,

the function h(6) = A(6, £f(8)) is also measurable .

Therefore the sequence of measurable function {d,,} converges to measurable function with:

M(6,h(6))=d(6)), N@,d(8))=d(6)) (A12)

This Completes the proof of the theorem.
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