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ABSTRACT: The object of this paper is to obtain a common fixed point theorem for four continuous random 

operators by considering a sequence of measurable functions satisfying certain contractive condition in 

separable Hilbert space.  
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I. INTRODUCTION  

The random fixed point theory is started by Prague school of Probability in [8]. In recent years this theory has 

attracted much attention of many Mathematicians some of them are [3, 4, 5, 6, and 10]. In this paper we find a new 

common fixed point theorem with rational inequality for two random operators defined on separable Hilbert spaces. 

For this we construct a sequence of measurable functions of random fixed point to the two random operators. 

II.PRELIMINARY NOTES  

Let � be a Hilbert space and � is a closed subset of �. Let �, � be measurable space.  

Definition (a): A function �:Ω × � → � is Said to be random operator, if 

 F (. , x)	∶ Ω → � is measurable for all �	�	�. 
Definition (b): A function �:Ω× � → � is Said to be measurable, if 

 �′�� ∩ �� ∈ Σ for every Borel subset B of H.  

Definition (c): A function �:Ω× � → � is Said to be continuous, if 

For fixed 	��	Ω , f (t , .)	∶ C → � is Continuous. 
Definition (d): A measurable function �:Ω → � is Said to be random fixed point of the random operator �:Ω×
� → �, is Continuous. 

Condition 1.1. Two mappings M,N : C → C, where C is a nonempty subset of a Hilbert space H, is said to satisfy 

Condition A if: 

 

∥ �� −�� ∥�≤ �� [∥ � − � ∥�+ ���∥ � −�� ∥�+∥ � − �� ∥�� + 
�!
2 �∥ � − �� ∥

�+∥ � −�� ∥�� 
+�# $∥%&'∥

()∥%&*'∥()∥%&+%∥(
�)∥%&'∥∥%&*'∥∥%&+%∥ ,                                              ...(A) 

Where  

     0 < ��+2�� + 2�! + 2�# < 1      ,		��, ��, �!, �# > 0                                          ...(B)    

                                           

It is well known that in a Hilbert Sapce the parallelogram law is satisfied , that is, 

∀	�, � ∈ �,			 ∥ � + � ∥�+∥ � − � ∥�= 2 ∥ � ∥�+2 ∥ � ∥�                                ...(C)  

We construct a sequence of function   4567  as 

																																																									58:Ω → �                                                          ...(D)      

is arbitrary measurable function For 9 ∈ Ω  and n=0,1,2....,                        

5�6)��9� = �:9, 5�6�9�;,				       5�6)��9� = �:9, 5�6)��9�;.		                     ...(E) 
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III. MAIN RESULTS 

In this section, we prove a common unique fixed point theorem for two random operators in Hilbert spaces. 

Theorem 2.1. Let C be a nonempty closed subset of a separable Hilbert space H. Let M and N  be two continuous 

random operators defined on C such that for  

	9 ∈ 	� ,��9	,・�, ��9,・� ∶ 	�	 → 	� satisfy A. Then the sequence 4567  obtained in (D) and (E) converges to the 
unique common random fixed point of M and N. 

Proof:  For fixed		θ ∈ Ω, n = 1,2,3..., 

 

∥ 5�6)��9� − 5�6�9� ∥�= ∥ �:9, 5�6�9�; − N�9, 5�6&��9� ∥� 

        ≤ �� 	 ∥ 5�6�9� − 5�6&��9� ∥� 

+��	�∥ 5�6�9� −��9, 5�6�9� ∥�	+∥ 5�6&��9� − ��9, 5�6&��9� ∥�) 

+�!2 �∥ 5�6�9� − ��9, 5�6&��9� ∥
�+∥ 5�6&��9� −��9, 5�6�9� ∥�� 

+�#�∥=(>
�?�&=(>@A�?�∥()∥=(>�?�&*�?,=(>@A�?�∥()∥=(>�?�&+�?,=(>�?��∥(

�)∥=(>�?�&=(>@A�?�∥∥=(>�?�&B�?,=(>@A�?��∥∥=(>�?�&+�?,=(>�?��∥
) 

=�� 	 ∥ 5�6&��9� − 5�6�9� ∥� 
+��	�∥ 5�6�9� − 5�6)��9� ∥�	+∥ 5�6&��9� − 5�6�9� ∥�) 

+�!2 ��∥ 5�6�9� − 5�6�9� ∥
� +∥ 5�6&��9� − 5�6)��9� ∥�� 

+�#�∥=(>
�?�&=(>@A�?�∥()∥=(>�?�&=(>�?�∥()∥=(>�?�&=(>CA�?�∥(

�)∥=(>�?�&=(>@A�?�∥∥=(>�?�&=(>�?�∥∥=(>�?�&=(>CA�?�∥
) 

≤ �� 	 ∥ 5�6�9� − 5�6&��9� ∥� 

+��	�∥ 5�6�9� − 5�6)��9� ∥�	+∥ 5�6&��9� − 5�6�9� ∥�) 
+�!2 �∥ 5�6&��9� − 5�6)��9� ∥

�� 
+�#�∥ 5�6�9� − 5�6&��9� ∥�+∥ 5�6�9� − 5�6)��9� ∥� 
=�� 	 ∥ 5�6�9� − 5�6&��9� ∥� 
+��	�∥ 5�6�9� − 5�6)��9� ∥�	+∥ 5�6&��9� − 5�6�9� ∥�) 

+�!2 �∥ 5�6&��9� − 5�6�9� + 5�6�9� − 5�6)��9� ∥
�� 

+�#�∥ 5�6�9� − 5�6&��9� ∥�+∥ 5�6�9� − 5�6)��9� ∥� 
≤ �� 	 ∥ 5�6�9� − 5�6&��9� ∥� 

+��	�∥ 5�6�9� − 5�6)��9� ∥�	+∥ 5�6&��9� − 5�6�9� ∥�) 
+�!�∥ 5�6&��9� − 5�6�9� ∥�+∥ 5�6�9� − 5�6)��9� ∥�� 

−�!2 ∥ �5�6&��9� − 5�6�9�� − �5�6�9� − 5�6)��9�� ∥
� 

+�#�∥ 5�6�9� − 5�6&��9� ∥�+∥ 5�6�9� − 5�6)��9� ∥� 
       (by parallelogram law C ) 

   ≤ ��� + ��+�! + �#)	∥ 5�6�9� − 5�6&��9� ∥� 

+(��+�! + �#� 	 ∥ 5�6�9� − 5�6)��9� ∥�                        ..(A.1) 
Therefore: 

∥ 5�6)��9� − 5�6�9� ∥�≤ �DA)D()DE)DF�	
�&D(&DE&DF

∥ 5�6�9� − 5�6&��9� ∥�.                                   ..(A.2) 

For 9 ∈	�,  G = 1,2,3… ., 
∥ 5�6�9� − 5�6&��9� ∥�=	∥ ��9, 5�6&��9�� − ��9, 5�6&��9�� ∥� 

       ≤ �� 	 ∥ 5�6&��9� − 5�6&��9� ∥� 
+��	�∥ 5�6&��9� − ��9, 5�6&��9�� ∥�	+∥ 5�6&��9� − ��9, 5�6&��9�� ∥�) 

+�!2 �∥ 5�6&��9� − ��9, 5�6&��9�� ∥
�+∥ 5�6&��9� −��9, 5�6&��9�� ∥�� 

+�#�∥=(>@A
�?�&=(>@(�?�∥()∥=(>@A�?�&*�?,=(>@(�?��∥()∥=(>@A�?�&+�?,=(>@A�?��∥(

�)∥=(>@A�?�&=(>@(�?�∥∥=(>@A�?�&*�?,=(>@(�?��∥∥=(>@A�?�&+�?,=(>@A�?�∥
)  

(By condition A) 

=�� 	 ∥ 5�6&��9� − 5�6&��9� ∥� 
+��	�∥ 5�6&��9� − 5�6�9� ∥�	+∥ 5�6&��9� − 5�6&��9� ∥�) 

+�!2 �∥ 5�6&��9� − 5�6�9� ∥
�� 
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+�#�∥=(>@A
�?�&=(>@(�?�∥()∥=(>@A�?�&=(>�?�∥(

� ) 

≤ �� 	 ∥ 5�6&��9� − 5�6&��9� ∥� 

+��	�∥ 5�6&��9� − 5�6�9� ∥�	+∥ 5�6&��9� − 5�6&��9� ∥�) 
+�!�∥ 5�6&��9� − 5�6&��9� ∥�+∥ 5�6&��9� − 5�6�9� ∥�� 
−�!2 �∥ 5�6&��9� − 5�6&��9��−∥ �5�6&��9� − 5�6�9� ∥

�� 
+�#�∥ 5�6&��9� − 5�6&��9� ∥�+∥ 5�6&��9� − 5�6�9� ∥�)    

 (by parallelogram law) 

≤ ��� + ��+�! + �#)	∥ 5�6&��9� − 5�6&��9� ∥� 

+(��+�! + �#� 	 ∥ 5�6&��9� − 5�6�9� ∥�.                   ..(A.3) 
Therefore: 

∥ 5�6�9� − 5�6&��9� ∥�≤ �DA)D()DE)DF�&D(&DE&DF
� ∥ 5�6&��9� − 5�6&��9� ∥�                              ...(A.4) 

Equation (A.2) and (A.4) jointly imply that for all 9 ∈ Ω  and n=0,1,2,3...,        

                 

∥ 56�9� − 56)��9� ∥�≤ �DA)D()DE)DF�&D(&DE&DF
� ∥ 56&��9� − 56�9� ∥�                                                        ...(A.5) 

Again from (B) it follows that: 

0 < 	 �DA)D()DE)DF�&D(&DE&DF
� < 1.                           ...(A.6) 

From (A.5) and (A.6) it follows that for  ∈ 	�, 456�9�7 is a Cauchy sequence and hence is convergent in the Hilbert 

space H. 

For 9 ∈ 	�, let 

456�9�7 → 5�9�  as G → ∞        ...(A.7) 
Since C is closed , d is a function from C to C. 

For  ∈ 	�,  

∥ 5�9� − ��9, 5�9� ∥�=∥ 5�9� − 5�6�9� + �5�6�9� − ��9, 5�9� ∥� 

≤ 2 ∥ 5�9� − 5�6�9� ∥�+ 2 ∥ 5�6�9� − ��9, ��9�� ∥�,     
(by parallelogram law) 

=2∥ 5�9� − 5�6�9� ∥�+ 2 ∥ ��9, 	5�6&��9� − ��9, 5�9�� ∥� 
=2 ∥ 5�9� − 5�6�9� ∥�+ 2[�� ∥ 5�6&��9� − 5�9� ∥�+ 

2���∥ 5�6&��9� − ��9, 5�6&��9�� ∥�+∥ 5�9� − ��9, 5�9� ∥�� 
+�!(∥ 5�6&��9� −��9, 5�9�� ∥�+∥ 5�9� − ��9, 5�6&��9�� ∥�) 

+�#�∥=(>
�?�&=(>@A�?�∥()∥=(>�?�&=(>�?�∥()∥=(>�?�&=(>CA�?�∥(

�)∥=(>�?�&=(>@A�?�∥∥=(>�?�&=(>�?�∥∥=(>�?�&=(>CA�?�∥
)] 

=2 ∥ 5�9� − 5�6�9� ∥�+ 2[�� ∥ 5�6&��9� − 5�9� ∥� 
+2��:∥ 5�6&��9� − 5�6�9� ∥�+∥ 5�9� − �:9, 5�9�; ∥�; 
+�!(∥ 5�6&��9� −��9, 5�9� ∥�+∥ 5�9� − 5�6�9� ∥�)       

+�#�∥=(>@A
�?�&=(>@(�?�∥()∥=(>@A�?�&=(>�?�∥(

� )] 

Making → ∞ ,				569 → 5�9�   
∥ 5�9� − ��9, 5�9� ∥�≤ �2�� + �! + 2�#� ∥ 5�9� − ��9, 5�9� ∥�                             ...(A.9) 

Since 0 < 2�� + �! + 2�# < 1 (by B ), we have for all 9 ∈ 	�, 

��9, 5�9�� = 	5�9�																																																																																								.                            ...(A.10) 

In an exactly similar way we can prove that for all 9 ∈ 	�, 
��9, 5�9�� = 	5�9�																																																																																							                             ...(A.11) 

Again, if A :	�×C →C is a continuous random operator on a nonempty subset C of a separable Hilbert space H, then 

for any measurable function f : � →C, 

 the function  h(9) = A(9, f(9)) is also measurable . 

Therefore the sequence of measurable function	4567 converges to measurable function with: 

M(9, ℎ�9��=	5�9��, N(9, 5�9��=	5�9��																																																																																																					....(A.12) 

This Completes the proof of the theorem. 
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